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This work study the finite temperature effects of a mass dimension one fermionic field, sometimes
called Elko field. The equilibrium partition function was calculated by means of the imaginary time
formalism and the result obtained was the same for a Dirac fermionic field, even though the Elko
field does not satisfy a Dirac like equation. The high and low temperature limits were obtained,
and for the last case the degeneracy pressure due to Pauli exclusion principle can be responsible for
the dark matter halos around galaxies to be greater than or of the same order of the galaxy radius.
Also, for a light particle of about 0.1eV and a density of just 0.1 particle per cubic centimeter, the
value of the total dark matter mass due to Elko particles is of the same order of a typical galaxy.
Such a result satisfactorily explains the dark matter as being formed just by Elko fermionic particles
and also the existence of galactic halos that go beyond the observable limit.
I. INTRODUCTION
Finite temperature effects in quantum field theory, or thermal field theories, are studied long time ago and the
main results concerning relativistic degenerate gas, super-dense nuclear matter, quark-gluon phase transition,
spontaneous symmetry breaking of electroweak unification and Higgs model at finite temperature have been
discussed exhaustively in several textbooks [1–4], including astrophysical and cosmological applications in white
dwarf stars, neutron stars and baryogenesis after big bang.
Most of works in thermal field theory concerns the study of equilibrium thermodynamic properties of systems
formed by spin-0 real or complex scalar fields (bosonic particles), spin- 12 fields (fermionic Dirac like particles)
and spin-1 fields (gauge vector bosons). In order to extract physical thermodynamic properties of relativistic
fields at equilibrium, the standard method is by means of the study of the partition function from the statistical
mechanics, constructed through a path integral over the fields. Once the partition function has been evaluated,
the canonical ensemble assures that the Helmholtz free energy can be obtained, from which follows the total
energy density, pressure and entropy density of the system.
As already mentioned at the beginning, finite temperature effects for scalar fields, fermionic fields and gauge
vector bosons are well known in literature. Nevertheless, in which concerns the fermionic fields, the calculations
are done just for fermionic Dirac like fields, that is, fermionic fields with spin- 12 and mass dimension-
3
2 that
satisfies a Dirac like equation. Recently, a new class of mass dimension one fermionic fields has been discovered
[5–9], sometimes called Elko1. The new fermionic fields constructed from such new spinors are natural candidates
to dark matter particles in the universe, once they are eigenstate of the charge conjugation operator, being
neutral and coupling very weakly or even not coupling to other particles of the standard model. The signature of
such new fermionic mass dimension one particle at LHC has been proposed in [10–13], cosmological applications
have also been recently studied in [14–26], a sigma model has been obtained in [27], its Casimir effect has been
calculated in [28] and an one loop effective Lagrangian has been obtained in [29].
In this work we aims to study the finite temperature effects due to Elko fermionic fields and its contribution
∗Electronic address: shpereira@gmail.com
1 From German, Eigenspinoren des ladungskonjugationsoperators, or eigenspinor of charge conjugation
2to high and low temperature systems formed by such fields. While Elko fields satisfy just a Klein-Gordon like
equation, as a scalar field, it must satisfies anti-periodic boundary conditions, as Dirac like fields. Thus the
calculation of its partition function must take into account a mixture of both properties of bosonic and fermionic
fields. In Section II we present a brief review of the results of finite temperature systems, in Section III we makes
a explicit calculation of the partition function for Elko fields and present the main results at high temperature
limit, in Section IV we calculated the degeneracy pressure in low temperature limit and its relation to dark matter
halos of galaxies. We conclude in Section V.
II. FINITE TEMPERATURE FIELD THEORY
The study of different quantum fields at finite temperature is done by means of the partition function Z of the
system [1–4], which is related to the Helmholtz free energy F by Z = exp(−βF ), where2 β ≡ 1/T , from which
follows the thermodynamic quantities as total energy E, pressure P and entropy S:
E = F + TS, P = −
(
∂F
∂V
)
T
, S = −
(
∂F
∂T
)
V
. (1)
The temperature is introduced by means of the imaginary time formalism, making a rotation of the real time
axis to the complex one, x0 = t → −iτ , similar to go from Minkowski to Euclidean space-time metric, with
new variables x¯µ = (x¯0, x¯) = (ix0,x) = (τ,x). Once the system is at equilibrium (not evolving in time), the
equilibrium thermodynamic temperature is introduced by means of τ = β = 1/T .
The partition function for a standard real scalar field φ is [1–4]:
Z = N(β)
∫
periodic
Dφ exp
∫ β
0
dτ
∫
d3xL(φ, ∂¯µφ) , (2)
where N(β) is just a normalisation constant (β dependent) and L is the Lagrangian density of the field φ and its
derivative, with ∂¯µ ≡ (i∂τ , ∂i). The functional integral over the field must be understood to be periodic in the
interval 0 < τ < β,
φ(τ = 0,x) = φ(τ = β,x) . (3)
For a general fermionic field ψ the partition function is:
Z = N(β)
∫
antiperiodic
Dψ¯Dψ exp
∫ β
0
dτ
∫
d3xL(ψ, ψ¯) , (4)
where N(β) is also a normalisation constant and L is the Lagrangian density of the field ψ(x¯) (and its dual ψ¯(x¯))
and the functional integral over the fields must be anti-periodic in the interval 0 < τ < β,
ψ(τ = 0,x) = −ψ(τ = β,x) . (5)
A standard real scalar field φ satisfies a Klein-Gordon like Lagrangian:
L(φ, ∂¯µφ) = 1
2
∂µφ∂µφ− 1
2
m2φ2 , (6)
while for a standard Dirac free-field, the Lagrangian is:
L(ψ, ψ¯) = ψ¯(x)(iγµ∂µ −m)ψ(x) . (7)
However, for a mass dimension one fermionic field λ(x) (and its dual
¬
λ) the Lagrangian is of Klein-Gordon type:
L(λ, ¬λ) = 1
2
∂µ
¬
λ ∂µλ− 1
2
m2
¬
λ λ . (8)
2 We are using units where c = ~ = kB = 1
3Here is the main difference concerning the calculation of the partition function involving different kind of fields.
While the calculation of (2) for bosonic fields (satisfying a Klein-Gordon like equation) must be periodic in τ ,
the calculation of (4) for Dirac fields must be anti-periodic. In the case of a mass dimension one fermionic field
as Elko, although satisfying a Klein-Gordon like equation, the partition function must be done with anti-periodic
boundary condition, as in (4). As far as we know, this calculation has not been done so far.
III. PARTITION FUNCTION FOR A MASS DIMENSION ONE FERMIONIC FIELD
In order to calculate the partition function for a mass dimension one fermionic field satisfying (8) we must be
careful. We start with the functional integral in Minkowski space-time:
Z = N
∫
antiperiodic
D
¬
λ Dλ exp
(
i
2
∫
d4x′
∫
d4x
¬
λ (x
′)A(x′, x)λ(x)
)
, (9)
where
A(x′, x) = −(∂′µ∂µ +m2)δ(x′ − x)I , (10)
is the Klein-Gordon like operator that comes from (8) after a partial integration and I stands for a 4× 4 identity
matrix. The functional integral over Grassmannian like functions in Minkowski space-time is well established3,
and the path integral over
¬
λ and λ can be done, giving:
Z = N exp
(
Tr ln
i
2
A
)
. (11)
Once the functional integral has been done in Minkowski space, we make a rotation to Euclidean space-time x¯µ
in order to establish contact with thermodynamic by means of τ . The trace must be evaluated in the Euclidean
space by introducing the Fourier transform of the field as:
λ(x¯) =
1
β
∑
n
∫
d3p
(2pi)3
e−iωnτeip·xλ˜(ωn,p) , (12)
with a similar one for the dual
¬
λ (x¯), and where the sum is done over the Matsubara frequencies for fermion
ωn =
(2n+ 1)pi
β
, n integer. (13)
We obtain:
Tr lnA = 4
∫ β
0
dτ
∫
d3x
1
β
∑
n
∫
d3p
(2pi)3
ln(ω2n + p
2 +m2) , (14)
and performing the τ integration and the fermionic Matsubara frequency sum4, we obtain finally the partition
function as:
Z = N(β) exp
{
2
∫
d3x
∫
d3p
(2pi)3
[
β
√
p2 +m2 + 2 ln
(
1 + exp(−β
√
p2 +m2)
)
+ C
]}
, (15)
3 According to [4], for n Grassmann variables θ1, ..., θn satisfying anti commuting relations as {θi, θj} = 0 we have
∫
dθi = 0
and
∫
dθiθi = 1. For a Gaussian integral over n Grassmann variables, In ≡
∫
dθ1 ...dθn exp(−
1
2
ΘTAΘ), where A is a real anti-
symmetric matrix and Θ a column vector with components (θ1, ..., θn). For n odd we have In = 0 and for n even In = (detA)1/2 =
exp( 1
2
Tr lnA). For complex Grassmann variables the generalisation is
∫
dθ∗
1
dθ1 ...
∫
dθ∗ndθn exp(−
1
2
Θ†BΘ) = det( 1
2
B), where B is
a skew Hermitean matrix. For a complex Gaussian, as occurs in a Minkowski space, the generalisation is
∫
Dϕ∗Dϕ exp(iϕ∗Cϕ) =
det(iC) = exp Tr ln(iC), where C is Hermitean.
4 See [4] for further details.
4where C is a p independent constant. The Helmholtz free energy is:
F = − 1
β
lnZ = −2
∫
d3x
∫
d3p
(2pi)3
[√
p2 +m2 +
2
β
ln
(
1 + exp(−β
√
p2 +m2)
)]
, (16)
where the constant C has been cancelled against N(β). The first term inside integral represents the divergent
zero temperature contribution that must be removed by regularisation and the second term the temperature
dependent one. It is interesting to notice that such result is exactly the same that one obtained by standard
Dirac fermion, even though the Lagrangian for the mass dimension one Elko field is very different from the Dirac
case.
Taking just the temperature dependent term of (16) and making an integration by parts we are left with:
F
V
= − 2
3pi2
∫
∞
0
p4√
p2 +m2
1
eβ
√
p2+m2 + 1
dp , (17)
where V =
∫
d3x. In the last term we recognise the occupation number that characterises the Fermi-Dirac
distribution function, nε ≡ [eβ(ε−µ) + 1]−1, with relativistic energy ε =
√
p2 +m2 and null chemical potential µ.
In the high temperature limit (T >> m) the integral in (17) is easily calculated [1–4] and the results for the
Helmholtz free energy density, energy density, pressure and entropy density from (1) are:
F
V
= −7pi
2T 4
180
,
E
V
=
7pi2T 4
60
, P =
7pi2T 4
180
,
S
V
=
7pi2T 3
45
. (18)
We can summarise the results including the well known results for bosonic fields, Dirac fermions and now the
contribution from Elko fields, generalising the results of [4]:
F
V
= −pi
2T 4
90
(NB +
7
8
ND +
7
8
NE), (19)
E
V
=
pi2T 4
30
(NB +
7
8
ND +
7
8
NE), (20)
P =
pi2T 4
90
(NB +
7
8
ND +
7
8
NE), (21)
S
V
=
2pi2T 3
45
(NB +
7
8
ND +
7
8
NE), (22)
where NB = 1 for neutral scalar field, NB = 2 for neutral gauge field, ND = 4 for a Dirac field, ND = 2 for a
Weyl field and NE = 4 for a Elko field.
IV. DEGENERACY PRESSURE AND DARK MATTER HALO OF GALAXIES
The low temperature limit is much more interesting to study and is related to the degeneracy pressure of a
fermionic system. In the presence of a non-null chemical potential µ, the limit T → 0 makes the occupation
number nε to behave as a step function which stays constant at the value 1 for ε < µ0 and at the value 0 for
ε > µ0. Thus, at T = 0 all single-particle states are completely filled with one particle per state up to ε = µ0,
following the Pauli exclusion principle, while all single-particle states with ε > µ0 are empty. This makes the
integral on (17) easy to be calculated and the Fermi energy is defined as εF = µ0, which also defines the Fermi
momentum pF at which the integral must be done. For the degeneracy pressure P0 at T → 0 we have:
P0 = −∂F
∂V
=
2
3pi2
∫ pF
0
p4√
p2 +m2
dp . (23)
Apart from constant terms, the integration is exactly that one for a relativistic particle in classical statistical
systems [30]. The Fermi momentum can be written as pF = (3n/8pi)
1/3, where n ≡ N/V is the particle number
density5. Defining x ≡ pF /m, the integral can be done [30] and in the limits x << 1 and x >> 1 it is given by,
5 For photons in the whole universe, nγ ≃ 422cm−3 and for neutrinos nν ≃ 115cm−3 at present time [31].
5respectively:
P0 ≃ 8pim
4
15
x5 , P0 ≃ 2pim
4
3
x4 . (24)
Given the values of n and m the degeneracy pressure can be calculated.
Suppose that the whole universe was filled with a gas of free Elko particles that were at thermal equilibrium
with all matter in the past6. Along the universe evolution, the temperature decreases and today it must be very
small, satisfying the condition T → 0, similar to a cosmic microwave background temperature of about 2.75K.
As good candidates to dark matter, the Elko particles do not interact electromagnetically and falls within the
gravitational potential wells around the galactic nuclei. But the gravitational attraction must be counterbalanced
by the degeneracy pressure due to Pauli exclusion principle, reaching equilibrium within a ray R, similar to what
happens in a white dwarf star or a neutron star before collapsing. The equilibrium equation can be written as
[30]:
P0(R) =
α
4pi
GM2
R4
, (25)
where M = nmV is the total mass within a volume V , G is the gravitational constant and α ≃ 1 is a constant
whose value depends upon the nature of the variation of the number density inside the gas. By supposing a
density number n ≃ 0.1cm−3 and a mass m ≃ 0.1eV, we have x ≃ 0.00028 and the first approximation in (24) is
valid. In this case, the equilibrium radius R = R0 can be written as:
R0 =
34/3
20pi5/6
√
5
αG
(
1
n1/6m3/2
)
. (26)
It can be seen that greater the values of m or n lower the value of the radius, as expected.
For the above values ofm and n we found R0 ≃ 4.7×1026cm, four orders greater than the radius of our galaxy7.
Such very rough estimate shows that dark matter formed by Elko particles may be uniformly distributed beyond
the radius of the galaxy, as indicated by several observations, maintained at equilibrium due to the degeneracy
pressure of its fermionic particles. Moreover, for these values of massm, density number n and radiusR0, we found
the total dark matter mass inside a sphere of radius R0 asM = nmV = 4.3×1078eV = 7.7×1045g, which is of the
same order of the total massM of a typical galaxy like ours7. In the limit of very low density, n ≃ 10−10cm−3, and
high mass, m ≃ 1.0GeV, we find very low values of radius and total mass, namely R0 ≃ 1013cm and M ≃ 106g,
incompatible with observations.
An interesting and complete analysis considering the possibility that dark matter halos are described by the
Fermi-Dirac distribution at finite temperature was done in [32], where dark matter could be a self-gravitating
quantum gas made of massive neutrinos at statistical equilibrium or if dark matter can be treated as a self-
gravitating collisionless gas.
V. CONCLUSION
The partition function for a mass dimension one fermionic field was calculated and the result is the same as for
Dirac like fermions. Although these new kind of fields not obey a Dirac like equation, the finite temperature effects
and thermodynamic properties obtained by the standard method of Matsubara frequencies sum for fermions are
exactly the same. This opens the possibility to use very known results from thermofield dynamics to systems of
Elko particles. In particular, results for energy density, entropy density and pressure at high temperatures are
the same of standard Dirac particles.
6 Although Elko does not couple to electromagnetic fields, at very high energies it could couple to Higgs fields, which would be
responsible to thermalize the Elko particles with other matter fields.
7 For the Milk-Way or Andromedae we have R ≃ 50, 000l.y. ≃ 4.7 × 1022cm and M ≃ 1012M◦ ≃ 2× 1045g, where M⊙ is the solar
mass.
6The low temperature limit exhibits the phenomenon of degeneracy pressure, which could be responsible for
maintain a dark matter halo around galaxies nuclei. For a low mass Elko particle of about m ≃ 0.1eV and a
density number of about n ≃ 0.1cm−3 the equilibrium radius found is greater than the observable radius of a
typical galaxy as ours, explaining the existence of a large halo of dark matter around galactic nucleus. Moreover,
the total Elko mass attributed to dark matter is of the same order of the galactic masses, in good agreement to
observations. Additionally, due to Elko particles do not interact electromagnetically, its distribution around the
galactic nucleus is nearly spherical and uniform, modelled just by equilibrium between gravitational pressure and
degeneracy pressure, while baryonic matter condensates at the centre of the galaxies, forming heavier particles
that does not suffer from degeneracy pressure and interact electromagnetically, which make it to loses energy
and condensate. This shows correctly that most of the mass of the galaxy may be in the form of dark matter
representing about 25% of dark matter against less than 5% of baryonic matter of the total content of the universe,
in good agreement to the ΛCDM model data.
It is important to notice that while some estimates at LHC searches indicate a very huge mass to Elko (about
100GeV in [12] and 1TeV in [13]), cosmological estimates based on some observational constraints point to very
small masses (about 10−32eV in [24–26]). The value estimated here is of same order of neutrino masses, also
considered a good dark matter candidate. More realistic models of varying mass distribution around the galactic
nuclei need to be analysed in order to confirm Elko particles as good candidate to dark matter in the universe.
Also, a more complete discussion about the thermal decoupling of Elko dark matter particles and its present
temperature is an interesting subject to be studied, as it is done for WIMPS [33].
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